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The determinant of the circulant matrix whose first row is 
a,, a, ,..., an-l 
is a homogeneous polynomial in the variables with integer coefficients whose 
properties are discussed, especially the coefficient of product of the variables. 
Certain restrictions suggested by the periods and Gauss sums of cyclotomy 
lead to much simpler forms of the determinant. 
The general circulant matrix 
I 
a0 6 a, **. a,-, 
a,-, a0 a, ..f an-2 
M,(a, , a, ,..., a,-,) = a+z a,-, a, .** an-3 . . . . . . . . . . . . . . . . . . . . . . . 
al 4 a3 -.* a0 1 
of order n in the indeterminates a,, a, , a2 ,..., a,-, has a long and 
interesting history [I]. It is one of a very few kinds of special matrices 
about which a great deal is known. In particular, we know that its 
determinant 
C, = C,(a, , a, ,..., a,-,) = det M, 
n-1 n-1 (1) 
= jrJ z. wkh, 
where E = exp(2rriln). Even without this seemingly explicit formula, 
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it is clear that C, is an homogeneous polynomial of degree n in its n 
variables, so that 
Very little is known about the coefficients A,. It is the purpose of this 
paper to investigate some of their properties and to indicate the results 
of certain rather natural simplifying assumptions restricting the complete 
generality of the variables a, , a, ,..., a,-, . These restrictions were 
suggested by cyclotomy [7]. 
Notation. We define ulchla to be ok so the a’s are extended periodically 
with period n. With this convention, the ith row jth column element of M,, 
is simply 
aij = aidj (i,j = O(l)n - 1). 
Hence, we have 
G(a,, 4 ,.-, 44 = C &iv 4 aflo4,-la~,-z *-- an,-l-cn-lj (3) 
the summation extending over all n! permutations 
7.r: (no , r1 ,‘.., ~?a-,>, 
of(0, 1,2 )...) n - 1) and sgn 7r = 1 or -1, accordingly as r is an even or 
an odd permutation. 
The first five polynomials C, are as follows 
Cl(ao) = a0 1 
C2(ao ,4> = ao2 - a12, 
C,(ao , a, , a2) = au3 + aI3 + uz3 - 3aoala2 , 
C,(a, , a, , a2 , aJ = ao4 - al4 + a24 - u3” - 2a,2(a,2 + 2a,a,) 
+ 4a,(u12u, + a2uS2) + 2u,2a,2 
- 4alaz2u, , 
C&, , al , a2 , a3 , a4) = i ak5 - 5 ao3 i I akalk - a02 uk2a3k k=O k=l k=l 
+ a, [i akalk - kil +%fk] 
k=l 
+i 
4 
ukdkhk - C akaZkdk + aoalw3u4 
k-1 k=l 
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The foregoing results are sufficient to indicate the complexity of 
c&l 9 a1 ,***, a,-,), especially when n is composite. When n is a prime, 
there is some structure afforded by the following theorem. 
THEOREM 1. Zf p is a prime then 
where F is a polynomial with integer coe#icients. 
Proof. Let S be the operator acting on the set of all p! permutations 
5-1 (no 7 =1 Y...P ~D-l), 
of (0, 1,2 ,..., p - 1) such that 
in which we replace the one element p by 0 for reasons of closure. 
Thus, S increases the value of each mark of r by 1 (modp) and then 
shifts them cyclically right one place. It is clear that, on iteration, S” = S. 
Sincep is a prime, the iterates of S applied to 7r are periodic of periodp or 1. 
For this period to be 1 it is necessary and sufficient that rr be one 
of the p cyclic permutations of (0, I,...,p - 1). The contribution to 
C&o 7 a, ,..., aDml) of these permutations (which are all even) is by (3) 
All other contributions to C,(a, , a, , . . . . u,-~) fall into sets of p equal terms 
corresponding to 
7f, S(?T), S2(7r) ...) sqn-). 
Hence, in sum, these contributions are of the form pF(a,, a, ,..., a,-,). 
Hence, the theorem. 
THE PRODUCT TERM 
It is of some interest to ask about the coefficient &(I, 1, I,..., I), in (2), 
of the term a,a, .*. a,-, . Inspection of C2 and C, shows that this coefficient 
is zero in both cases. More generally we have Theorem 2. 
641/5/r-4 
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THEOREM 2. Zfn is even, A,(l, 1, l,..., 1) = 0. 
Proof. The term aOal ... a,-, occurs in (3) if and only if the permutation 
7 is such that 
37’: (n-0 ) 571 - 1, 7r2 - 2 )...) 7Tn-1 - (n - 1)) (mod n) 
is also a permutation. If 
ni’ zz 7~i - i (mod n) (i = O(l)n - 1) 
is a permutation, then we find on adding and canceling 
12-l 
0 = c i E n(n - 1)/2 (mod n). 
i=O 
This cannot hold if IZ is even. Hence, the theorem. 
SPECIAL PERMUTATIONS 
The condition imposed on rr in the proof of Theorem 2 naturally 
suggests the following problem. Given integers n, a, b with a prime to n 
find all permutations r such that 
pi s ni + ai + b (mod n) (i = O(l)n - 1) 
is also a permutation of (0, l,..., n - 1). 
In seeking to solve this problem, it is apparent that b plays no real role 
and may be assumed to be zero. For application to C, we can then take 
a = + 1. The argument used in Theorem 2 shows again that n must be odd. 
Finally, we note that if we solve the problem with a = 1 the solution leads 
to that of any other a simply by multiplying each mark of the solution 
by a (mod n). As a final canonizing step there can be imposed the condition 
that 7r,, = 0. All other solutions are obtained from these by adding all 
nonzero constants (mod n) to every mark. With this convention we have 
to consider permutations of (1, 2,. . ., n - 1) with a modulus of n with the 
condition that 
Pi”i+ni (modn) (i = l(l)n - 1) (4) 
is also a permutation. 
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LINEAR PERMUTATIONS 
We call the permutation rr linear modulo q.or simply linear, in case, 
for some k, its ith mark is given by 
ri = ik (mod n). 
Of necessity, k will be prime to n. For a linear n to be a solution of (4) 
it is necessary and sufficient that k + 1 be also prime to n. The number of 
choices of such k (mod n) is an old generalization of Euler’s totient function 
4(n) due to Schemmel and denoted by &&z) [2]. We have 
the product extending over all prime factors p of n. Since n is odd, 
For example, if n = 3 there is only one solution, 
7-r = (I, 2). 
If II = 5 there are 5 - 2 = 3 cases, 
n-: (1234) even, 
v-r: (2413) odd, 
rr: (3142) odd. 
These are indeed the only solutions to our canonical problem for n < 5. 
When n > 5 there are many nonlinear permutations solving our problem. 
Thus, for n = 7, besides the &(7) = 5 linear solutions, 
(1, 2, 3, 4, 5, 6) even, 
(2, 4, 6, 1, 3, 5) even, 
(3, 692, 5, 134) odd, 
(4, 1, 5, 2, 6, 3) even, 
(593, 1, 6,492) odd, 
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there are fourteen nonlinear solutions. These all turn out to be even. 
Arranged lexicographically they are 
(1, 3, 5, 2, 64) (3,4,6,1,5,2) 
(1, 422, 6, 3, 5) (4, 1, 3, 5, 6, 2) 
(2, 3, 64, 1, 5) (4, 1, 69% 3, 5) 
C&4, 1, 5, 3, 6) (492, 5, 6, 1, 3) 
a4, 5, 1,6, 3) (4, 6, 1, 2, 5, 3) 
(2, 6, 3, 4 4, 5) (5, 1,294, 6, 3) 
(3, 1, 59% 496) (5, 2, 6, 1, 394). 
For n = 9, besides the &(9) = 6 linear permutations, three of which are 
odd, there are 219 nonlinear permutations, 105 odd and 114 even. For 
n < 15 we have the following results where N, and IV, are the number of 
even and odd permutations. 
n +2(n) 
3 1 
5 3 
7 5 
9 6 
11 9 
13 11 
15 3 
N, NO 
I 0 
1 2 
17 2 
117 108 
1413 2028 
46389 32870 
1211085 1213110 
Total Ne - No ‘Ml, l,..., 1) 
1 1 -3 
3 -1 -5 
19 15 -105 
225 9 81 
3441 -615 6765 
79259 13519 175747 
2424195 -2025 30375 
To obtain A&, l,..., 1) from these data we make use of the two results 
given in the following lemma. 
LEMMA. If n is odd the parities of 
77: (7Ql, n1,-.., m,-1) 
and 
n + k: (~0 + k, ~1 + k ,..., in-1 + k) (mod n) 
are the same, and the parities of ST and 
-5-r: (-rro , -%-I)...) -7f,-1) (mod n) 
are the same sf n = 4x + 1 and are dferent if n = 4x + 3. 
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Proof. Both results are easily established. For the first, we can use 
12 - 1 interchanges of adjacent marks. For the second, we interchange 
each mark with its negative modulo n. (The second result is indeed the 
special case of r = -1 of a lemma of Zolotareff which states that the 
parities of 7r and rrr are the same when Jacobi’s symbol (r/n) = +I and 
different when (r/n) = -1 [3]. 
Applying the lemma we find 
&(l, l,..., I> = (- 1)(%-1)/2 n(N, - NO). 
The tabulated values of N, and NO were found by a combinatorial routine 
using a backtrack procedure [4]. 
An alternative method of determining A,( 1, I,.. ., 1) (or indeed any other 
coefficient) is to use (2). 
Hence, 
To automate this calculation for n > 15 would entail an extensive symbol 
manipulation program. 
THE CASE OF a, = 0 
The product formula (1) shows that there is no great loss in 
generality in assuming that one of the indeterminates a, , a1 ,..,, anpI in 
G(ao , 4 ,..., a,-,) vanishes. Consider for convenience the variable a,, . 
Since 
1 + $ + + + . . . + E(n+l)k = I; if k = 0, 
if k # 0, 
we have 
a, + alck + a2c2k + ... + a,-, E(n-l)k = blEk + b2E2k + . . . + b,-lE(n-l)k, 
where 
k # 0, bi = ai - a,, . 
That is 
G(ao , al ,. . . ,44 CdO, b, , b, ,..a, L,) 
a, + a, + *.* + a,-, = b, + b2 + .** + b,-, ’ 
so that &(a,, a, ,..., a,-,) can be conveniently computed from values of 
G(Q al , a2 ,..., a,-,). 
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For brevity we set 
iV, is a much simpler polynomial than C, . Incidentally, by (1) IV, 
becomes the norm form in Kummer’s theory of cyclotomic integers [5]. 
For II < 6 we find 
N6(ul , a2 , a3 , a4 , u5) = - al6 + a26 - a36 + a46 - u56 + 6~3~(~,~5 + a2u4) 
- %733[3UlU42 + 3u,U22 + U13 + Us"] 
+ 9a32(u,2a22 + u52u42 - u12u52 - u~~u,~) 
+ ~u~(uI~u~ + c+,~U~ -cI~u~~ -u,u~~-~u~~Lz~u~ 
- 2u,3u,u4 + 2UlU2U43 + 2u,a4a23) 
+ 3(u,4u42 + u,4u22 - u12u*4 - u52u24) 
+ 6(a,2a23a4 + u52u43u2 - u13u22a5 - u53u42u1) 
+ 2(a23a43 - u13u53) + 1 8(u,2u2a4u,2 - u1a22u42u5). 
Of course much of the complexity of IV6 is due to the composite nature of 6. 
Still, the general homogeneous polynomial of degree 6 in five variables 
has six times as many terms as N, . 
CONNECTION WITH CYCLOTOMY 
The polynomials N,(a, , u2 , . . , , a,-,) occur in the theory of cyclotomy [6]. 
In fact ifp = 1 + nfis an odd prime with a primitive root g we can define 
the II ‘f-nomial periods” of Gauss by 
qi = C @(i = O(1) n - l), 
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where h runs over the positive integers < p for which ind,(h) = i (mod n). 
Next, we can define the Gauss sum, or Lagrange resolvent, by 
n-1 
T(C”) = c Qk(k = O(1) n - I). (5) 
i=O 
By a theorem of Jacobi, 
T(Ek) T(Fk) = (-l)f”p, k # 0. (6) 
Finally, we set 
Xi = lZ7)i + 1 (i = l(l)n - 1). 
Now if we multiply (5) by c-kT and sum over k we get 
n-1 n-1 n-1 
z. l kTT(Ek) = c qi c @‘i-T) 
i=O k=O 
= nrl, (7) 
= XT-- 1. 
The first term on the left of (7) is 
n-1 n-1 
T(1) = c vi = c 8 = -1. 
i=O h=l 
Transporting this term to the right, (7) can be written 
n-1 
x, = c T(8) ECkT. 
k=l 
Multiplying over r we get in view of (1) 
XIX2 ‘** X,vl = c,(o, T(E) ,..., T(E”-l)) 
= Nn(T(E), T(8),..., T(En-‘)). 
To apply this relation for cyclotomy one should make use of the fact 
that the 7’s satisfy (6). This leads us to ask: To what does N&z, , a, ,..., a,-,) 
reduce when either of the two conditions 
1 uflnpk = constant 
11 (-l)kukun-k = constant 
are imposed ? We denote the polynomial N, subject to I and II by N,r 
and N” These polynomials are dramatically simpler than N, . In fact n ’ 
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the number of terms in N,’ is small enough to permit the printing of IV,’ 
for n < 8 in a reasonable space. The results may be tabulated as follows: 
N2yUl) = -q2, 
N,'@, 2 a,) = aI3 + a23, 
N&l ,a,, a3) = -(al" + G4 + a,"), 
N,'(a, ,a, ,a3,u4) = U15 + a25 + u35 + aq5, 
N,'(a, , 4! ,...> ~3) = - i ui6 + 6~3~ 
i=l 
+ 1 {-2u;[4u,3 - 3u,& + 9u32~7~u;, 
r=1,5 
- 6u a a4 + 2d + 3a ‘a2 3 7 27 2T 7 4T - 3aT2&l, 
N,‘(u, , a, ,..., u6) = i ai 
i=l 
6 
- 7 1 {2a32a42br2a5, - wzTagrl 
r=1 
- 
a3a4P44a3, - 3434rl + ar5~4r~5r 
- ar4a~ru2r + ur3u2& - 2ur3uS&}, 
N6’(al , a2 ,..., a,) = - i uis + 40ags 
i=l 
+ Tc15 5 , {-8a45P~vz~2r + a&5Ta6rl 
9 * 9 
- ag4[6uT2a&. + 1 I ai,] 
+ 8ag3[2ur3a3p6, - u1.2air + 3araku5rl 
- 4u42[6ar5u3T - ~u,~u& - ur4u& 
+ 5ar2airaET - 3ur2a&u&] 
+ 8u&r6&r - 245a2Ta5r + 3ar4a247tT 
- ar4u~ru6r - 4u,2airu31. + 2aT3u2.ru5r 
+ ur2dk + wd&l 
+ ai, + ar4& - 3ur4a& + 4aTsa& - 8ar3a&a5+. 
- 8ur3asTa& - 16a73u~Tu~T + 24 2 20~ ~29~37 
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In case condition II holds we have two subcases, n odd and n even. 
For n odd, which is impossible in cyclotomy, we have 
aian-, = w,-z = a*. = a(n-1)ha(n+l)~2 - - 0. 
Hence, we have a simple special case of I. 
(8) 
N1J=a3+a3=a3 
3 1 2 1 or az3, 
N:’ = al5 + az5 + a35 + at5, 
= aI5 + az5 or al5 + as5 or az5 + ad5 or a35 + aq5, 
Nil = i ai 
i=l 
- 7 $ @r5a4ra5r - aT4a&a2, + aT3a,,a&. - 2aT3a&&>. 
7=1 
Under conditions (S), N:’ simplifies still further. There are indeed eight 
different ways to satisfy (8) by setting three ai to zero. These result in six 
simplifications of Nir of one type and two simplifications of another type 
depending on whether or not the subscripts of the three nonvanishing a’s 
all have the same quadratic character modulo 7. 
If we write 
N:‘@, , a2 , a3 , a4 , a5 , a6> = i ai - T&al , a, , a, , a, , a, , as), 
i=l 
then the eight different 4’s are 
A = (az2 - ala3Y 45 = b-h2 - a2a312 
d2 = -(a13a4 + a23al + a43a2) #6 = @42 - a2aJ2 
43 = (a32 - ala5j2 9, = -(a33a5 + a53a6 + as3a3) 
~5~ = (al2 - a4a512 d3 = (a52 - a4ae)“. 
In each case the three missing a’s are the ones assumed to be zero. 
In case n is even, the results are 
Ni’(a,) = -a12, 
Nr(a, , a2 , a3) = -al4 + 7a24 - a34, 
N,“(a, , a, , a3 , a4 , a5) = - aI6 +. a26 - 59a,6 + a46 - a56, 
+ C {2a,3[8a,3 - 9a,ai,] - 3a,2a,2aiT 
r=1,5 
- 6a3a7a& + 3ar4atr - 3ar2a&}. 
54 LEHMER 
The printer and reader are spared the entry for N,“. The lengthy expansions 
given in this paper were obtained by automatic symbol manipulation. 
REFERENCES 
1. TH. MUIR, “The Theory of Determinants in the Historical Order of Development,” 
London, 1890, New York, Dover, 1960. 
2. L. E. DICKSON, “History of the Theory of Numbers,” Vol. 1, p. 147, Washington, 
1919, New York, 1934. 
3. G. ZOLOTAREFF, Nouvelle demonstration de la loi de reciprocite de Legendre, 
Nouvelles Annalles de Math. (2), 11 (1872), 354-362. 
4. D. H. LEHMER, The machine tools of combinatorics, in “Applied Combinatorial 
Mathematics,” Chapter 1, p. 26, Wiley, New York, 1964. 
5. E. KUMMER, Uber die Zerlegung der aus Wurzeln des Einheit gebildeten complex 
Zahlen in ihre Primfactoren, J. Math. 35 (1847), 327-367. 
6. P. BACHMANN, “Die Lehre von der Kreistheilung,” Leipzig, 1872. 
7. D. H. LEHMER AND EMMA LEHMER, The cyclotomy of hyper-Kloosterman sums, 
Acta Arith. 14 (1968), 89-l 11. 
